The breaking of Lorentz symmetry via a dynamical mechanism, with a tensor field which takes on a non-zero expectation value in vacuum, has been a subject of significant research activity in recent years. In certain models of this type, the perturbations of the "Lorentz-violating field" about this background may be identified with known forces. I present the results of applying this interpretation to the "generalized bumblebee models" found in a prior work. In this model, the perturbations of a Lorentz-violating vector field can be interpreted as a photon field. However, the speed of propagation of this "bumblebee photon" is direction-dependent and differs from the limiting speed of conventional matter, leading to measurable physical effects. Bounds on the parameters of this theory can then be derived from resonator experiments, accelerator physics, and cosmic ray observations.
I. INTRODUCTION
The experimental signatures of a violation of Lorentz symmetry have been extensively sought for in recent years (see [1] and references therein.) The primary paradigm for examining the physics of such effects is the "Standard Model Extension" (SME) [2, 3] . Broadly speaking, in the usual picture of the Standard Model, one writes down a list of field combinations that are renormalizable and invariant under Lorentz symmetry (as well as under various other desired symmetries amongst the fields), assigns a coefficient to each one, and writes down the Lagrangian as the most general linear combination of these terms. The values of these coefficients are then to be established by experimental measurements. The SME "extends" this paradigm by relaxing the requirement that the field combinations in the Lagrangian be Lorentz-invariant. Since the Lagrangian itself should still be a Lorentz scalar, the coefficients of these new terms must have non-trivial tensor structure (rather than being Lorentz scalars as in the original Standard Model.) These new coefficients (or, more accurately, their components in some reference frame) can then in principle be measured via experiment.
While this method works well for the purposes of particle physics, it becomes somewhat problematic when we attempt to extend it to gravity. With a flat metric, it is legitimate to view the new Lorentz-tensor coefficients in the SME as constants throughout spacetime. The notion of a constant tensor field on a flat background spacetime is well-defined; we simply require that (for example) ∂ a v b = 0. However, once we allow for a curved background, it is no longer so simple to find a covariantly constant non-zero vector field (i.e., ∇ a v b = 0); indeed, such a vector field may not even exist on an arbitrary curved background. Moreover, general arguments involving the Bianchi identities [4] imply that any "back- * Electronic address: mdseifer@indiana.edu ground tensor field" that couples directly to the curvature in the Lagrangian must satisfy certain differential conditions; we cannot simply write down some fixed tensor fields on our manifold and proceed from there.
The standard way to solve the problems arising in making the metric dynamical is to also promote the SME coefficients to dynamical fields. As the Lorentz-violating fields are now dynamical, there is no reason to expect them to be covariantly constant, and the geometric consistency of the field configuration with the Bianchi identities is automatic. One then constructs the theory such that these fields take on some non-zero value in the limit of no conventional matter and flat spacetime (hence "violating" Lorentz symmetry by taking on a non-invariant background value.) The flat-spacetime SME is recovered by constructing an effective field theory about this background, where the metric and the Lorentz-violating fields are held fixed but the other fields in the theory are allowed to vary.
While this promotion of Lorentz-violating coefficients to Lorentz-violating fields solves the above problems, it does require some care. In particular, the requirement that the dynamics of a Lorentz-violating vector field not fundamentally change the dynamics of the metric restricts us to a small subclass of all conceivable vector models [5] . The resulting models have the property that the dynamics of the field are decoupled from the dynamics of the metric (at least at the linearized level.)
This decoupling between the Lorentz-violating field and the metric had been previously seen in simpler vector models known as "bumblebee models" [6, 7] . It was further noted that the linearized equations of such a system were (under minor auxiliary conditions) precisely those of linearized Einstein-Maxwell theory. The perturbations of the Lorentz-violating vector field could then be interpreted as the photon field in such a theory. Under such an interpretation, the dynamics of the known long-range forces would be the same as in conventional Einstein-Maxwell theory, up to small Planck-suppressed deviations.
The class of models found in [5] included the previously-known bumblebee models, and so were dubbed "generalized bumblebee models". However, it was noted in that paper that attempting to extend the "bumblebee photon" interpretation to these generalized models could lead to readily observable effects. Specifically, in a generalized bumblebee model the metric perturbations and conventional matter will "see" a different metric than the photon field will; in other words, the "speed of light" would differ from the "speed of gravity" and the limiting speed of conventional matter. The present work elaborates on the above speculation. Specifically, we will derive the observable consequences of the "generalized bumblebee photon" theory, and place bounds on the parameters of the underlying Lorentzviolating vector field. Section II reviews the derivation of generalized bumblebee models and describes the "photon interpretation" mentioned above. Section III derives the possible experimental signatures for such theories, both in the context of the SME and in terms of particle kinematics. Finally, Section IV examines the current experimental and observational bounds on Lorentzsymmetry violation in the photon sector, and derives bounds on the parameters of the underlying Lorentzviolating field.
We will use units in which = 8πG = 1 throughout. We will also set c = 1 in Section II; however, to avoid confusion between the various limiting speeds in subsequent sections, we will explicitly include all such speeds in our equations. Sign conventions concerning the metric and the curvature tensors are those of Wald [8] , except in the Appendix where we use the signature (+, −, −, −).
II. GENERALIZED BUMBLEBEE MODELS
If we limit ourselves to theories of second differential order containing a single vector field B a along with the metric g ab , the most general model of dynamical Lorentz symmetry breaking has the action
where R is the Ricci scalar derived from g ab , R abcd the Riemann tensor, and J abcd and K abcd are arbitrary tensors constructed locally out of B a and g ab . The potential V (B 2 ) is taken to vanish and to be minimized at some non-zero value of its argument. Under these assumptions, any field configuration with
whereB a is a constant non-zero vector field with V (B 2 ) = V (B 2 ) = 0, is the "natural" solution of the equations of motion. This non-zero vector field then provides a "preferred direction" in spacetime.
While a Lagrangian of the form (1) is indeed the most general form for the Lagrangian, it was shown [5] the equations of motion derived from a completely arbitrary Lagrangian have certain less-than-desirable properties. In particular, when varying the kinetic term for the vector field K abcd ∇ a B b ∇ c B d , we find that it gives rise to second derivatives of B a in the Einstein equation, and that these terms cannot in general be eliminated via the vector equation of motion. We are thus left with a situation in which the dynamics of the vector field are inherently coupled to those of the metric.
However, a certain class of vector models do not exhibit this coupling. In particular, if the kinetic term for the vector field is of the form
and
, then the equations of motion for the vector field and the metric decouple. 1 (The negative sign is chosen for agreement with convention; ζ may be positive or negative.) This decoupling is not terribly surprising when one remembers that the field strength F ab is proportional to the exterior derivative of a oneform, and thus is independent of the derivative operator; varying the metric (and its associated covariant derivative operator) therefore does not give rise to any terms containing the second derivatives of the vector field as it does in the general case. (See §4 of [9] for further discussion.)
For the remainder of the paper, we will restrict our attention to theories with "pseudo-Maxwell" kinetic terms of this type. We will also take J abcd to vanish; the primary effect of such terms in pseudo-Maxwell vector theories is to modify the "effective Einstein equation" [5, 10] , but gravitational effects are not the primary focus of this paper. Our models will thus be those derived from an action of the form
A. Linearized equations
Varying g ab and B a in the action (5), we find that the full equations of motion are of the form
We now linearize these equations about the background described above, i.e., we let
whereB a is a constant vector field on Minkowski spacetime and h ab and A a are considered to be "small". Requiring that this field configuration be a solution when h ab and A a vanish implies that V (B 2 ) = V (B 2 ) = 0, as noted above. If we then linearize the equation (6) about this background, we obtain the linearized Einstein equation
where δG ab is the linearized Einstein tensor (in terms of derivatives of h ab ) and δ(B 2 ) is the linearized variation in the norm of B a ,
Linearizing the vector equation of motion (7), meanwhile, yields
whereη ab is the background value ofg ab (4), the "effective metric" for B a :
B. Charged-dust equivalence
The linearized equations of motion (10) and (12), though simpler than the full equations (6) and (7), are still somewhat complex. To gain some intuition about their solutions, let us first consider the case of the theory in which β = 0; in this case, the linearized vector equation becomes
where
. It was noted by Bluhm, Fung, and Kostelecký [6, 7] that there is a one-to-one correspondence between solutions of these equations with δ(B 2 ) = 0 (in a particular gauge) and solutions of conventional linearized Einstein-Maxwell theory (in a particular gauge.) Specifically, if we apply an infinitesimal diffeomorphism (parametrized by a vector field ξ a ) to our background field configuration g ab = η ab and B a =B a , these fields transform as
since ∂ aBb = 0. The transformations
are therefore gauge transformations and do not affect any physical quantities. In particular, for a solution of (10) and (14) with δ(B 2 ) = 0, we can apply a gauge transformation with ξ a chosen such that
thereby putting h ab in the axial gauge (i.e.,B a h ab = 0.) Importantly, under such a gauge transformation, we will also havē
since we are assuming that δ(B 2 ), as given in (11), vanishes. Thus, putting h ab in axial gauge automatically also puts A a in axial gauge if δ(B 2 ) = 0. Moreover, in this case the equations of motion (10) and (14) are simply the source-free Einstein and Maxwell equations. Thus, every solution of (10) and (14) for which δ(B 2 ) = 0 can be mapped to a solution of conventional Einstein-Maxwell theory for which both the metric perturbation and the vector field are in axial gauge. This mapping can also be seen to go the other way (again up to gauge transformations): given a solution of conventional source-free Einstein-Maxwell theory, apply gauge transformations to both h ab and A a such that they are in axial gauge with respect toB a . This gauge transformation guarantees that δ(B 2 ) vanishes, and thus this field configuration is also a solution of (10) and (14) with δ(B 2 ) = 0.
As it turns out, this mapping can be extended to the case where δ(B 2 ) = 0, at least in the case whereB a is timelike. Let us suggestively define
The signs of ρ e and u a are chosen to be positive ifB a is future-directed and negative if it is past-directed; in other words, u a is defined to be future-directed. Rewriting (10) and (14) in terms of these quantities, the equations become
which are easily recognizable as the equations of motion for the perturbed metric and the vector field A a in the presence of charged dust. By construction, u a is a unit, future-directed timelike vector. The charge-to-mass ratio of the dust is constant, and is given by
By applying the Bianchi identity to (14) , we obtain
which guarantees that ρ m and ρ e are constants along the worldlines parametrized by u a . We therefore conclude that any fields h ab and A a satisfying (10) and (14) can be mapped to a solution of conventional Einstein-Maxwell theory with a charged dust source, where the dust moves along the worldlines parametrized byB a , and its mass density and charge density are given by (19) and (20) respectively. As in the case of vanishing δ(B 2 ), this correspondence goes the other way as well. Suppose we have a solution {h ab , A a } of the linearized Einstein-Maxwell equations with a charged-dust source with mass density ρ m and charge density ρ e , with ρ m and ρ e satisfying (23) . We can perform a gauge transformation on the Maxwell field, A a → A a + ∂ a λ, with λ satisfyinḡ
(This does not uniquely determine λ, of course, but we only require λ to exist.) Under this gauge transformation, the fields h ab and A a will satisfy
We can then see that in this gauge the fields h ab and A a satisfy our original equations (10) and (14). This correspondence is easily seen to agree with the original correspondence [6, 7] in the case where δ(B 2 ) = 0. This correspondence, between solutions of our linearized equations (10) and (14) and those of EinsteinMaxwell-charged-dust systems, can be then used to gain some intuition about the behaviour of our system. 3 In particular, this correspondence justifies the tactic (used in [6, 7] ) of simply setting the δ(B 2 ) term to zero. One might have been concerned that this set of solutions was unstable, in the sense that a solution with δ(B 2 ) initially small but non-zero might evolve to a solution with large δ(B 2 ). This new correspondence shows that this is not the case, since sufficiently small δ(B 2 ) on the "bumblebee" side corresponds to small sources on the Einstein-Maxwell side, and a solution of the conventional Einstein-Maxwell equations with a small source will be "close" (in an appropriate sense) to a solution of the Einstein-Maxwell equations with no sources. From here on, we will assume that δ(B 2 ) is negligible unless otherwise stated.
A similar correspondence was noted by Jacobson and Mattingly [11] in their studies of "Einstein-aether theory." In this case, however, the vector field they were examining served a dual purpose as both the vector potential and the dust worldlines; this implied, in particular, that their "dust" was dynamical rather than a fixed background source. Since these two vectors are not in general aligned in an arbitrary Einstein-Maxwellcharged dust system, the correspondence found in [11] was therefore not one-to-one (even after taking gauge transformations into account.) Since our correspondence uses the fixed background as a "source" for the linearized perturbations, it does not run into this difficulty; any solution of the linearized bumblebee equations can be gauge-transformed into a solution of the EinsteinMaxwell equations with a charged-dust source, and vice versa.
Finally, recall that all of the analysis in this subsection has been done assuming that the constant β vanishes. The above analysis changes in two main ways if β = 0, one less important and one more important. The first is that the charge-to-mass ratio of the dust in the above correspondence changes. The linearized Maxwell equation (12) in this case becomes
with u a defined as in (21) . (To see this, multiply by the tensorη ab defined such thatη abη bc = δ a c .) Thus, the "charge density" defined in (20) is multiplied by a factor of (1+βB
2 ) −1 when we pass to the general case of non-vanishing β. 4 The rest of the above argument holds, however; in particular, we are still justified in assuming δ(B 2 ) to be negligible. More importantly, however, when β = 0 the vector perturbations A a will not propagate with the same velocity as those of the metric. Instead, the metric perturbations will propagate along the light-cones of the usual flat metric η ab , while the vector perturbations will propagate along the light-cones of the "bumblebee metric" η ab . Assuming that any matter sources are minimally coupled to the "Einstein metric" g ab used in the action (5) , and that their kinetic terms are not directly coupled to B a , this also implies that the limiting speed of conventional matter will be different from the limiting speed of the vector perturbations. The observational consequences of this fact will be explored in the next section.
III. LORENTZ-VIOLATING PHOTONS

A. Bumblebee photon theories
We found in the last section that linearized solutions of the equations (6) and (7) (about a background where the metric is flat and the vector is non-zero) can be taken to satisfy the equations
From the perspective of particle physics, these are massless fields (or more precisely, Nambu-Goldstone modes arising from a spontaneously broken symmetry.) One can envision a number of distinct possibilities concerning the effects of such fields on the theory:
• The field B a does not directly couple to conventional matter. In this case, we would not have detected its effects in particle experiments. The effects of the Lorentz-violating field might still be observable via gravitational effects [10] , but would not give rise to forces between particles of "conventional" matter.
• The Nambu-Goldstone modes are "eaten" by another field via a Higgs mechanism. This turns out to be impossible [12] in the context of spacetime with a Riemann metric, though it is possible in Riemann-Cartan spacetimes with a dynamical torsion field [6] . We will not consider this possibility further here.
• The massless field A a couples directly to conventional matter, giving rise to a long-range "fifth force". For example, the field A a could conceivably couple to leptons but not quarks (or vice versa), it could couple differently to first-generation particles than to second-generation particles; it could couple only to strange quarks; and so on. The large number of experimental signatures that conceivably could arise in such scenarios are, unfortunately, outside the scope of this paper; models along these lines have been explored in [13, 14] .
• The massless field A a couples directly to conventional matter, and can be identified with a known force. The obvious candidate here (as may have been telegraphed by the choice of notation) would be the photon field [6, 7] . This interpretation will be the focus of the rest of this work.
One might ask whether it is self-consistent to demand that η ab serve as the "conventional matter metric" while simultaneously requiring that the bumblebee perturbations A a serve as the photon. This self-consistency can be shown by examining the possible couplings between B a and the fermion fields in the theory. Suppose we have a fermion field ψ appearing in the Lagrangian with its standard kinetic term and with B a coupling to its current:
We can then see that the decomposition of B a into a background field plus a perturbation (identified as the photon) leads to the usual interaction term qA aψ γ a ψ between the bumblebee photon and the fermion. The second term on the right-hand side of (29) , meanwhile, can be interpreted in the language of the Standard Model Extension (SME) [3] as a Lorentz-violating coefficient a a = qB a . Through a redefinition of the spinor phases, the coefficients a a in the SME can be made to vanish in flat spacetime [2] . Thus, a term of the form (29) would give rise to a conventional photon-fermion interaction, without other observable effects in the fermion sector.
We could also envision having the fermion interact with the bumblebee field via a derivative interaction:
where q c is a coupling coefficient. In the language of the SME, such a term would give rise to a c ab coefficient for the fermion field ψ. 5 It is precisely such a c ab term that would cause the "effective fermion metric" to differ from η ab . 6 If we consider the bumblebee field as taking on its fixed background value, the above Lagrangian (30) can be rewritten as
whereη ab = η ab + q cB aBb . We could equally well defineη ab to be our "fundamental metric" instead of η ab ; this essentially amounts to a rescaling of the coordinates [15] . We would thus have a theory in which the electrons propagate with respect to the "fundamental metric"η ab , the photons propagate with respect tõ
and the metric perturbations propagate with respect to
We can then see that a theory with a non-vanishing q c is physically equivalent to a theory with q c → 0, β → β − q c , and a "distorted metric" for the metric perturbations.
As the remainder of the paper will not be concerned with the metric perturbations, we will therefore assume that q c has been set to zero in this way, and we will use η ab to denote the "matter metric".
B. SME coefficients
If A a is to be interpreted as the photon field in our theory, we immediately note an important experimental consequence of this fact: the photon does not propagate along the null cones of the conventional matter metric η ab , but rather along those of the distorted metricη ab defined in (13) . This distortion will, in principle, be experimentally detectable. The potential effects of a background geometric structure on the propagation of photons were explored in detail by Kostelecký and Mewes [16] . One starts with a photon Lagrangian of the form
5 In principle, we could also couple Ba to the axial fermion current ψγ 5 γ a ψ or to a term of the form iψγ 5 γa ↔ ∂ b ψ; such terms would give rise to ba and d ab coefficients in the SME, respectively. In this work, we will assume these vanish. 6 Such a term would also give rise to momentum-dependent fermion-fermion-photon vertices, as well as two-photon-twofermion vertices; however, such terms would be nonrenormalizable, and therefore would be highly suppressed at low energies.
(up to an overall normalization), where
is symmetric under the exchange {ab} ↔ {cd} and has vanishing double trace (i.e., (k F ) ab ab = 0.) The tensor (k F ) abcd can then be decomposed into various "electric" and "magnetic" parts that determine the electric and magnetic susceptibility of free space, as well as vacuum birefringence effects. In our case, the effective flat-space Lagrangian for A a is given by
which corresponds to a (k F ) abcd tensor of
(36) (The factor in the denominator arises from factoring out the overall normalization mentioned above.) For the purposes of comparison with experiment, the components of (k F ) abcd can be decomposed into four spatial matricesκ e± andκ o± and a trace componentκ tr , as defined in Section II B of [16] . 7 In the current case, these work out to be
where B denotes the spatial components ofB a , and we have definedβ
We can then use experimental measurements (see [1] and references therein) of the components ofκ e± ,κ o± , and κ tr to place bounds on the parameters β andB µ of our theory.
C. Particle kinematics
In a theory in which the limiting speed of a charged particle species is identical to the speed of the photon, 7 Note that we have also implicitly defined a reference frame in defining these as "spatial" matrices. In what follows, we take this frame to be the standard Sun-centred frame, where the Sun is at rest, the Z-axis points towards the North Celestial Pole, and the X-axis points towards the Vernal Equinox.
it is kinematically forbidden for a photon to decay to that particle and its antiparticle, or for the charged particle to radiate a photon. When the limiting speed of a charged particle differs from the speed of light propagation, however, such processes are kinematically allowed (see Figure 1 .) More precisely, if the speed of light c γ in a given direction is greater than the limiting particle speed c p in that direction, then photons above a certain energy can decay; if c γ in a given direction is lesser than c p in that direction, then particles above a certain energy will undergo vacuumČerenkov radiation.
It is important to note that each of these processes is sensitive to β values of only one sign. The directions k a of bumblebee photon propagation are those for which
, where c p is the limiting speed of the particle species, we see that this "null condition" is equivalent to
This implies that if β > 0, we will have c γ = ω/| k| > c p , and photons of sufficiently high energy can decay to charged particles and anti-particles. Similarly, if β < 0, we will have c γ < c p , and charged particles of sufficiently high energy will lose energy to vacuumČerenkov radiation.
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What are the threshold energies for these processes? Denoting k = kk, wherek is a unit vector, we find that the photon dispersion relation (39) above can written as
In the case of photon decay, the threshold photon energy E d0 will be that for which a photon with four-momentum c p k a can decay into a particle-antiparticle pair, with each particle having four-momentum p a = 1 2 c p k a and rest mass m. Taking the norm of p a with respect toη ab , we find that the four-momentum of the each particle must satisfy
The left-hand side of this equation vanishes (since p a p bη ab ∝ k a k bη ab ). Rewriting the right-hand side in terms of k µ , and defining n a ≡ |β|B a , we find that at 8 The generalized bumblebee photon model has what might be called a "homogeneous" photon dispersion relation: for all λ > 0, if k a is a valid four-momentum for a propagating photon, then so is λk a . Our discussion below can easily be extended to any model in which this is the case. For models in which this does not hold (see, for example, [17] ), the "geometric" arguments used below to find the vacuumČerenkov threshold can be adapted to analyze both photon decay and vacuumČerenkov processes. Mass shells and momentum vectors for one-to-two processes when the limiting particle speed cp differs from the speed of light cγ = Eγ/pγ. (a) When cγ > cp (or, equivalently, β > 0), a photon (blue) can decay into two massive charged particles (red). (b) When cγ < cp (β < 0), a charged particle with sufficiently high energy (red) can decay to a charged particle of lower energy (red) and a photon (blue).
Applying the dispersion relation (40) then yields a threshold energy of
(43) In the limit of the components of n µ being much less than unity, this simplifies to
In the case of vacuumČerenkov radiation, the threshold energy is best found using a geometric argument (see Figure 1 .) Since momentum is conserved, the fourmomentum of the photon will "connect" two points on the charged-particle mass shell. The threshold energy E c0 for vacuumČerenkov radiation is therefore that point on the mass shell at which the slope of the tangent line (dE p /dp p ) equals the slope of the photon mass shell: at any energy on the charged-particle mass shell with E i > E c0 , we can draw a secant line with the same slope as the photon mass shell that will intersect the chargedparticle mass shell at a lower energy E f < E i . This will not, however, be possible for E i < E c0 . Performing this calculation, we find that the threshold energy E c0 for a particle of mass m is given by
where the (direction-dependent) speed of light c γ (k) is given dividing ω by k in (40) . Plugging this in, we find that the threshold energy is given by
(46) where we have again used the rescaled vector n a = |β|B a . If we again take the limit of small n µ , this reduces to
In the case β < 0, the detection of a charged particle with energy E p and mass m propagating in the direction k implies that theČerenkov threshold energy E c0 (k) for that direction is greater than E p . Thus, we can say that such a detection restricts the components of n a to lie in the region
This region is a thickened plane in n µ -space, with a total thickness of 2mc 2 p /E p . Multiple detections of charged particles coming from different directionsk can then constrain the parameters of our theory to a finite region of n µ -space. Note that the quantity appearing on the righthand side of (48) is simply the inverse of boost factor γ of the charged particle detected.
Similarly, when β > 0, the detection of a photon with energy E γ propagating in the directionk implies that the components of n a = |β|B a satisfy
Here, m e is the electron mass: the γ → e − e + process will have a lower threshold than any other photon decay channel. Once again, high-energy photons from various directions can then constrain us to a finite region of n µ -space.
The rate of energy loss for vacuumČerenkov processes has been calculated by Altschul [18] . In particular, a charged particle with energy just above threshold (E p = E c0 + ∆E, with ∆E E c0 ) will emit a photon with E γ > ∆E with a decay rate of
where α is the fine structure constant, Z is the particle's charge, and m is its rest mass. The mean free path of such a particle (assuming it to be moving with velocity v ≈ c p ) can then be estimated as = c p /Γ. At higher energies, the charged particle will mainly lose energy to larger numbers of lower-energy photons, rather than a single photon that brings it below threshold. This process causes the energy to decrease even more rapidly; we should therefore view the estimate above as an upper bound on the mean free path for a particle with energy E p . In the case of photon decay, an exact expression for the lifetime of the photon is not yet known. However, we can estimate (see the Appendix) that the decay rate for photons above threshold energy E d0 will be on the order of magnitude of
where α is the fine structure constant and B is a quantity of the same order of magnitude as the components ofB a . Using this estimate, one can then calculate a mean free path for photons as in the case of vacuumČerenkov radiation. Roughly speaking, a photon well above threshold will have a mean free path of order (αβB 2 ) −1 times its Compton wavelength; if the photon is only barely above threshold, with energy E γ = (1 + )E d0 , its mean free path (in Compton wavelengths) is reduced by a factor of approximately √ .
IV. EXPERIMENTAL CONSTRAINTS
In general, the most stringent limits on the components of (k F ) abcd are those that arise from searches for vacuum birefringence [1] . However, the vanishing of the matrices (κ e+ ) ij and (κ o− ) ij (37a) implies that in our case, bumblebee photons do not experience vacuum birefringence. We must thus turn to other experimental means of searching for Lorentz violation in the photon sector. In the following subsections, we will discuss limits arising from rotating electromagnetic resonator experiments, particle accelerator experiments, and cosmicray observations.
A. Resonator experiments
If the Maxwell field is Lorentz-invariant, the frequencies of its modes in a resonant cavity will be independent of the cavity's orientation in space. However, if the photon field propagates at different speeds in different directions, it is not hard to see that the resonant frequencies of the cavity can change if the cavity's orientation changes: this frequency depends on the "speed of light" in the cavity, and this speed is direction-dependent in our model if β = 0 and B = 0. The magnitude of this frequency shift for a given set of matricesκ e± andκ o± was calculated for a general cavity mode and geometry in [16] . In practise, this frequency shift is usually measured by setting up two identical cavities, oriented at right angles to each other, and rotating these two cavities together. A difference in the speed of light within the plane of rotation would then show up as a "beat" between the frequencies of the two cavities, modulating at twice the frequency of rotation. By looking for these "beats" at various points in the Earth's rotation and revolution, all eight independent components of the SME matrices (κ e− ) ij and (κ o+ ) ij can in principle be measured.
Sensitive measurements of the components of (κ e− ) ij and (κ o+ ) ij have been performed by Herrmann et al. [19] and by Eisele, Nevsky and Schiller [20] . Both groups have bounded the components of (κ e− ) ij to be O(10 −17 ) or less, and those of (κ o+ ) ij to be O(10 −13 ) or less. We can translate these measured bounds into a rough estimate of the bounds on our parameters β andB µ ; given the dependencies given in (37b) and (37c), we would expect the magnitude of n 0 = |β|B 0 to be bounded below approximately 3 × 10 −5 , and the components of n to be approximately 3 × 10 −9 or less.
Best above mentioned groups [19, 20] derived their respective bounds from their experimental data under the assumption that all eight independent components of (κ e− ) ij and (κ o+ ) ij could be varied independently. In our model, this is not the case; rather, as noted above, we have a four-dimensional parameter space (along with an additional discrete parameter). A more thorough analysis should thus involve a (non-linear) regression on this parameter space, starting from the experimental data.
To perform such an analysis, we turn to the data of Stanwix et al. In Table I of [21] , the time-variation of the above-mentioned "beat" amplitudes are given. Applying a non-linear regression to these amplitudes gives the results shown in Table I for the components n µ in the Suncentred frame. The best fit is found to occur for β > 0; however, a region of parameter space with β < 0 also falls in the overall 1σ confidence region. The approximate dimensions of the one-sigma confidence contour in both the β > 0 and β < 0 regions of parameter space are also given in Table I . The point n µ = (0, 0, 0, 0) lies approximately on the 75% confidence contour. While this might seem suggestive of a non-zero Lorentz-violating effect, such a confidence level can hardly be thought of as conclusive, especially considering that Stanwix et al. viewed as spurious the 2σ and 3σ signals found via their original analysis (with SME coefficients assumed to be independent.) We must therefore conclude that resonator experiments have not yet observed a signal compatible with the generalized bumblebee model.
B. Accelerator physics
As noted above, vacuumČerenkov radiation and photon decay, though kinematically forbidden in conventional theories, are both allowed above a certain energy threshold in the presence of Lorentz invariance in the photon sector. In the bumblebee photon case, this threshold will decrease as the components of the rescaled vector n a = |β|B a increase. Direct observations of high-energy particles can therefore help us constrain our theory.
An analysis along these lines has been performed by Hohensee et al. [22] , through analysis of the operation of the LEP experiment and the Tevatron. In the case of vacuumČerenkov radiation, they note that a threshold energy E c0 more than a few MeV below the electron and positron beam energies at LEP (E LEP = 104.5 GeV) would have caused beam energy losses significant enough to be immediately apparent. In our case, this implies that
Moreover, from the known bounds due to resonator experiments (above), we know that the components of n are of order 10 −8 . This therefore implies that in the case β < 0, we must have |n 0 | < 4.9 × 10 −6 . For the case of photon decay, Hohensee et al. note that a significant fraction of predicted high-energy photons (E γ 300 GeV) have been observed in the D0 detector at Fermilab (specifically, in the study of isolated-photon production with an associated jet.) This implies that the threshold energy for photon decay cannot greatly exceed 300 GeV; again using the bounds on the components of n from resonator experiments, we find that in the case β > 0 we must have
More recently, work by Altschul [23] has extended these bounds by examining the amount of synchrotron radiation observed at LEP. The argument proceeds similarly to the analysis of vacuumČerenkov radiation in LEP, given above. In a Lorentz-violating theory, the velocity of a relativistic charged particle moving in a uniform magnetic field will deviate from the "expected" velocity (i.e., that in the absence of Lorentz violation) by δv =κ, whereκ is a linear combination (with coefficients of order unity) of the Lorentz-violating coefficients (κ e− ) ij , (κ o+ ), andκ tr [24] . The fractional deviation of the synchrotron power radiated from its expected value is then given by of order
where γ is the boost factor of the relativistic particle. When we integrate this power deviation over a full cycle of the charged particle, the parity-odd coefficients must drop out due to symmetry; thus, only (κ e± ) ij andκ tr can in principle contribute to the integrated synchrotron power loss.
The greatest boost factor γ of particles achieved at LEP was above 2 × 10 5 ; the integrated power loss of particles in the storage rings at LEP was measured to agree with the predictions of standard (non-Lorentzviolating) electrodynamics to within a fractional precision of |∆P |/P < 2 × 10 −4 [23] . We can thus conclude that
Since resonator experiments bound the components of (κ e− ) ij to an order of magnitude below this, this bound is therefore only a bound onκ tr . In our case,κ tr is given by equation (37d). We can thus conclude that the known bounds on synchrotron radiation at LEP limit only the value ofκ tr ; specifically,
Note that this is a two-sided bound: since LEP is sensitive to ∆P/P being either positive or negative, and since the sign of ∆P/P is dependent onκ tr , then LEP measurements boundκ tr both above and below zero. In the current model, this means that n 0 is bounded both for β > 0 and β < 0.
This bound is comparable to the current bounds on the spatial components of n obtainable from resonator experiments. However, this bound should be taken correct only to within an order of magnitude, due to our lack of knowledge about the precise functional form of κ in our theory. A more precise estimate would involve a full calculation of the rate of synchrotron radiation in our model; however, such a calculation is outside the scope of this paper.
C. Cosmic ray observations
While man-made particle accelerators can impart very high energies to particles, it is well-known that "natural particle accelerators" elsewhere in the Universe put these efforts to shame; cosmic rays have been observed with energies of up to eight orders of magnitude more energy than the most energetic particles created in the laboratory to date. Since our bounds on the parameters of our theory scale inversely with the energies of observed particles, we will find that subject to some caveats (detailed below) cosmic ray observations give us the best bounds on the components of n µ . In the case of vacuumČerenkov radiation, the Pierre Auger Collaboration has observed a few dozen cosmic ray showers with total energies above 57 EeV [25] . It is generally assumed that the primary particles for such cosmic ray showers are hyperrelativistic protons or nuclei. In our case, the inequality (48) becomes more restrictive as the mass of the primary particle decreases. Thus, if we wish to place conservative bounds on the parameters of the theory, we should assume that the primary is a fairly heavy nucleus. It is unlikely, however, that these primaries are significantly heavier than 56 Fe. We therefore assume that all the events listed in TABLE II: Bounds placed on the components of n µ ≡ |β|B a in the Sun-centred frame by cosmic-ray observations (β < 0) and high-energy gamma-ray observations (β > 0).
[25] have a primary mass of M p c 2 p = 52.1 GeV. If these events were to later be discovered to have a smaller mass M p , it would simply rescale our limits on n µ by a factor of M p /M p .
The 27 events listed in [25] thus disallow large volumes of parameter space. The remaining, allowed region of parameter space is a complicated non-uniform polychoron, symmetric with respect to reflection about the origin. The maximum allowed magnitudes of each of the components of n µ are listed in Table II , along with the maximum and minimum allowed values of the norm of n a , and the volume V n of the allowed polychoron.
In the case β > 0, we would expect to see a (possibly direction-dependent) cutoff in the very high-energy (VHE) gamma-ray spectrum. Over the past decade, gamma-ray observatories such as HESS, VERITAS and MAGIC have catalogued several dozen VHE gammaray sources, and in many cases have been able to associate these sources with known objects (either in the Milky Way or extragalactic.) However, two problems arise when attempting to use these sources to bound the parameters of our theory. The first is simply a matter of orders of magnitude; the ratio of the energy of these gamma-rays to the electron mass is two orders of magnitude smaller than the boost factor of the charged particles that make up cosmic rays. The highest-energy photons detected thus far have energies of order 75 TeV, yielding a bounding factor 2m e c 2 p /E γ of approximately 10 −8 ; by contrast, the inverses of the boost factors for the charged-particle gamma rays observed by the Pierre Auger Observatory are of order 10 −10 . Thus, we cannot expect nearly so tight a bound on the components of n µ as we obtained in the case β < 0.
Second, the vast majority of the sources we can reliably use for this purpose lie in the plane of the Milky Way. Most known extragalactic sources of VHE gamma rays are associated with blazars located outside of the Local Supercluster, with non-negligible cosmological redshift (z 0.05.) Once cosmological effects become non-negligible, our assumptions of nearly-flat metric (8) and nearly-constant vector field (9) can no longer be expected to hold. Instead, we would expect that g ab would be approximate a Friedman-Robertson-Walker so- lution, and that the value of B a would be subject to cosmological evolution. This would cause significant deviations from the predictions of Section III C, which were predicated onη ab being constant throughout the propagation of the photon. For the purposes of this paper, we will therefore limit ourselves to VHE gamma-ray sources known or suspected to be within the Local Supercluster.
With these caveats in mind, we proceed. A survey of the literature reveals 22 known VHE gamma-ray sources with significant flux at energies greater than 10 TeV (see Table III .) 11 Only one of these sources, M87 [36] , is extragalactic (with b = 74.49 o ). To improve our bounds in the directions orthogonal to the galactic plane, we therefore include two lower-energy sources: the radio galaxy Centaurus A [42] , with galactic latitude b = −24.42 o , and the cataclysmic variable AE Aquarii [43] , with b = 19.42
o . The resulting bounds are shown in Table II . As expected, they are significantly less stringent than the bounds imposed by charged-particle cosmic ray observations; however, they are still competitive with the limits imposed on the components of n by laboratory and accelerator experiments, and are more stringent in the case of n 0 .
V. DISCUSSION
Laboratory experiments (both electromagnetic resonators and bounds from accelerator physics) limit the components of n µ to the 10 −8 level. In the case β < 0, cosmic-ray observations push these bounds down O(10 −10 ) for all components of n µ ; for β > 0, similar observations bound all the components of n µ to the 10
level.
A few notes concerning the above bounds are in order. First, the bounds extracted from the regression in Section IV A are not based on the current strongest bounds on Lorentz violation in the photon sector, but rather on older work with more detailed reporting of data. One would expect that if the data underlying the most sensitive experiments to date [19, 20] were analyzed in this way, our sensitivity to the components of n µ would increase by approximately a factor of three (i.e., half an order of magnitude.)
The great majority of the cosmic-ray sources and events used in Section IV C are in the Southern Celestial Hemisphere. This is simply due to the locations of the observatories in question. In the case of high-energy charged particles, the Pierre Auger Observatory (located in Argentina) does not yet have a Northern-Hemisphere counterpart; Pierre Auger North, a planned counterpart in Colorado, will not see "first light" for some years. In the case of high-energy gamma rays, this asymmetry is simply due to the fact that the HESS telescope (located in Namibia) has been in operation longer than the similar MAGIC and VERITAS telescopes (located in the Canary Islands and Arizona, respectively.) As these latter two telescopes and the air-shower arrays MILA-GRO (New Mexico), ASγ (Tibet), and ARGO (Tibet) report more high-energy sources (especially in the region of the galactic plane lying in the Northern Celestial Hemisphere), we can expect these bounds to become more symmetric.
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Finally, it is important to note that there are fundamental limits on how well gamma-ray experiments can bound the parameters of our theory. Photons with suf-ficiently high energies can interact with background radiation (particularly the cosmic microwave background) and produce electron-positron pairs [44] . In particular, the "gamma-ray horizon" for ∼ 100 TeV gamma rays is approximately the size of the Local Supercluster, and for ∼ 1 PeV gamma rays is approximately the size of the Milky Way. This pair-production attenuation therefore places fundamental bounds on the region of parameter space that can be bounded by gamma-ray observations: we do not expect to get extremely high-energy gamma rays from outside our own galaxy, but our bounds on the component of n orthogonal to the galactic plane will generically be insensitive to sources from within the Galaxy.
with this paper and [45] , we use a metric with signature (+, −, −, −). In particular, when switching to this sign convention, our definition ofη ab will change; in this sign convention, a metric of the form
is physically equivalent to the metric used in the previous sections.
We start with the "Lorentz-violating QED" Lagrangian for bumblebee photons minimally coupled to an electron field ψ in flat spacetime:
withη ab defined as in (A.1). The process used by Hohensee et al. to derive the photon lifetime consists of several steps:
1. We redefine the metric so that the "photon metric" η ab is the "true metric" of the theory. Since the gamma matrices in the electron kinetic term are defined with respect to the original metric η ab (i.e., {γ a , γ b } = 2η ab ), we must rewrite these matrices in terms of new gamma matricesγ a defined such that {γ a ,γ b } = 2η ab . To first order in β, these matrices are related by Applying this definition to our Lagrangian, we find that our new Lagrangian is
(A.4) where indices are now raised and lowered with the metricη ab . We will hereafter "drop the tildes" for notational convenience.
2. The kinetic term for the electron now contains non-standard time derivatives; these must be eliminated to successfully quantize the theory [15] . To do this, we define a new spinor field χ such that ψ = Aχ, where the matrix A satisfies
To first order in β, this implies that
Rewriting the Lagrangian in terms of χ then yields where p a is the incoming photon momentum, a (p) is its polarization, q a and k a are the outgoing electron and positron momenta respectively, and u (r) (q) and v (s) (k) are their respective polarization states. To obtain the photon lifetime, we will need to sum over the final fermion polarization states and average over photon polarization states; using the trace identities derived in [45] , this yields We have used the spinor normalization conventions chosen in [22] (i.e., N ( q) = 2E q and similarly for k.)
4. Integrate over the final electron and positron momenta to obtain the photon lifetime as a function of its energy E γ and propagation directionp:
(A.12)
I have as yet been unable to derive a closed-form analytical expression for this lifetime. However, an orderof-magnitude estimate of the photon decay rate may be obtained by estimating the quantity |M| 2 /4E q E k for an on-shell decay and multiplying this quantity by the allowed volume of phase space; in other words, ( q − k); the resulting expression sets u = p, leaving an expression proportional to the volume of an ellipsoidal shell in v-space. We can then perform a further linear transformation on v to make this shell spherical. Combining these results, we can then estimate that the photon lifetime is .20) to within an order of magnitude. Note that the scaling behaviour of this result is consistent with the exact results derived in the spatially isotropic case by Hohensee et al. [22] .
